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Abstract
Functorial path groupoids P(X ) are constructed for each simplicial set X generalizing the
loop groups G(X ) dened by Kan for each reduced simplicial set. Locally transitive simplicial
groupoids and adequate refelexive simplicial graphs are introduced in order to prove that the
free simplicial groupoid on an adequate graph is a path groupoid. A calculus of extension and
restriction for simplicial groupoids and graphs is developed to construct path groupoids from
covers of a simplicial set. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 55U10; 55P35; 18B40; 18G30
0. Introduction
In [11] Kan dened a functorial loop group G(X ) for each reduced simplicial set
X . Then, in [12] he showed that G was left adjoint to the classifying complex W
of Eilenberg and Mac Lane, and passed to an equivalence at the level of homotopy
categories. In the present paper, just as Kan constructed a loop space that was a group,
so we want to construct, and investigate, path spaces that are groupoids.
Thus, in Section 1 we study path spaces, introduce the concept of path groupoid,
and investigate the relation with loop groups in the connected case. The most impor-
tant groupoids from the homotopy theoretic point of view are the locally transitive
ones, which enjoy properties generalizing those of groups. We dene and study local
transitivity in Section 2, pointing out as well its intimate connection to bundle theory.
In addition, we introduce the concept of an adequate simplicial graph, and prove our
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principal result, Theorem 4, which states that the free groupoid on an adequate graph
is a path groupoid.
Section 3 develops a calculus of extension and restriction for simplicial graphs and
groupoids, which is applied to produce path groupoids from certain covers of a sim-
plicial set. We then functorialize these results to construct certain functorial, colimit
preserving groupoids, whose right adjoints lead to functorial classifying spaces. Our
main tool is a powerful weak equivalence extension theorem, whose proof is given in
the Appendix. Generalizing the above result of Kan, we indicate how the functorial
path groupoids P(X ) pass to equivalences of the homotopy categories.
In this paper, to avoid complication, we work mainly in the category of simpli-
cial sets. Most of our results extend easily, however, to simplicial sheaves on a
Grothendieck topos. The interested reader will nd a brief discussion of this at the
end of the Appendix.
1. Path spaces and groupoids
First, we recall that a Quillen homotopy structure [15] on a category C with nite
limits and colimits consists of three classes of maps: weak equivalences, cobrations
and brations. These are required to satisfy the following axioms:
Q1: (Saturation) Given two morphisms f : A −! B and g : B −! C in C, if any two
of f; g or gf, are weak equivalences, so is the third.
Q2 : (Retracts) Weak equivalences, cobrations and brations are closed under retracts.
More precisely, if
A
s−−−−−! A0 t−−−−−! A
f
???y
???yg
???yf
B −−−−−!
u
B0 −−−−−!
v
B
is a commutative diagram in C such that ts = idA and vu = idB, then if g is a weak
equivalence, cobration or bration, so is f.
Q3 : (Lifting) A commutative square
in C such that i is a cobration and p is a bration has a dotted ller making both
triangles commute if either i or p is a weak equivalence.
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Q4 : (Factorization) Any morphism f : X −! Y in C can be factored in two ways
as
where i is a cobration and p is a bration. One in which i is a weak equivalence,
and one in which p is a weak equivalence.
Note: Our axioms Q1{Q4 are the axioms CM2{CM5, in order, of Quillen [15], for
a \closed model structure" on C. We have simply transformed CM1 { the existence
of nite limits and colimits { into a blanket assumption on C.
Formally inverting the weak equivalences of C yields the homotopy category
ho (C).
The principal Quillen structure in this paper is that on S, the category of simplicial
sets, in which a mapping f : X −! Y is a weak equivalence i 0(f) : 0(X ) −!
0(Y ) is a bijection, and for all x 2 X0 and n  1; n(f) : n(X; x) −! n(Y; fx) is an
isomorphism. The cobrations are the monomorphisms, and the brations are the Kan
brations. Recall that this structure is proper, in the sense that weak equivalences are
stable under pullback along a bration and pushout along a cobration. We remark also
that weak equivalences are stable under pullback along a bundle, where by a bundle
in this paper we mean a simplicial map p : E −! X such that for each n-simplex
x : [n] −! X of X there is a vertex v : [0] −! X and an isomorphism over [n]
between the pullbacks of E by x : [n] −! X and by [n] −! [0] −! X . Notice
that with this denition, bres are constant over components, though some may be
empty. In any case, the remark follows easily from the fact that bundles are uniquely
extendable over anodyne extensions, or from the theorem of Gabriel and Zisman [3]
that the geometric realization of a locally trivial simplicial map is locally trivial in the
topological sense, together with the fact that such a map is a Serre bration.
If f : X −! Y is a mapping in S, we denote by [f] its class in ho(X; Y ), the
set of mappings between X and Y in ho(S). Note that since every simplicial set X
is cobrant, it follows that when Y is a brant simplicial set, i.e. a Kan complex,
ho(X; Y ) is in 1{1 correspondence with the set [X; Y ] of homotopy classes of maps
from X to Y , where a homotopy is a mapping X  I −! Y , with I the 1-simplex
[1].
A reexive graph, or a graph with units, in S is a diagram
X0
u−−−−−!X1
s−−−−−!−−−−−!
t
X0
in S with su = tu = id. X0 is called the object of vertices, X1 the object of edges,
s the source, t the target, and u the units. A morphism of reexive graphs is a pair
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of mappings f0 : X0 −! Y0 and f1 : X1 −! Y1, with respect, in an obvious sense,
the given mappings s; t and u. We denote by Grph(S) the category of reexive graphs
in S.
A path space [14] for a simplicial set X is a graph structure
X
u−−−−−!P
s−−−−−!−−−−−!
t
X
on X such that u is a weak equivalence, and (s; t) : P −! X  X is a bration. Path
spaces for X are readily obtained by factoring the diagonal d : X −! X  X as a
cobration weak equivalence followed by a bration (Q4). Perhaps the most important
fact about path spaces is expressed by
Proposition 1. Let
Y
u−−−−−!P
s−−−−−!−−−−−!
t
Y
be a path space for a simplicial set Y; and suppose f; g : X −! Y . Then [f]=[g] in
ho(X;Y) i the diagram
has a dotted ller.
Proof. u is a weak equivalence and su = tu; so [s] = [t]. Hence, if a dotted ller
exists [f] = [g].
On the other hand, suppose [f] = [g] in ho(X; Y ) . Let j : Y −! eY be a cobration
weak equivalence such that eY is brant. Then the canonical diagram
eY i−−−−−!eY I P0−−−−−!−−−−−!
P1
eY
is a path space, and since [jf] = [jg]; as above there is a homotopy h making
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commute. Let
Q
w−−−−−! eY I???y
???y(p0 ;p1)
Y  Y −−−−−!
jj
eY  eY
be a pullback. Then there is a mapping h0 : X −! Q such that wh0 = h, and a mapping
Y −! Q such that
Y
j−−−−−! eY???y
???yi
Q −−−−−!
w
eY I
commutes. Now (p0; p1) is a bration and j j is a weak equivalence, so w is a weak
equivalence. It follows that Y −! Q is a monomorphism and a weak equivalence,
hence a cobration weak equivalence. Thus, in the diagram
there are dotted llers in both directions. h0 followed by Q −! P gives the desired
mapping.
A groupoid in Sets is a category all of whose morphisms are invertible. We can
describe a groupoid G in S as either a simplicial object in the category of groupoids
in Sets, or, more intrinsically, as a reexive graph in S
G0
u−−−−−!G1
s−−−−−!−−−−−!
t
G0
provided with an associative composition c : G1G0G1 −! G1, for which the elements
of G0 are units (via u), and each element of G1 is invertible { statements expressed
by appropriate commutative diagrams in S. If G and H are groupoids in S, a functor
f : G −! H is a morphism of reexive graphs, which respects composition. We
denote the category of groupoids in S by Gpd(S). Our principal object of study in this
paper is given in the next denition.
Denition 2. A path groupoid for a simplicial set X is a path space
X
u−−−−−!P
s−−−−−!−−−−−!
t
X
for X; which is a groupoid.
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When X is connected, there is a close connection between path groupoids for X
and loop groups for X , where by a loop group for X we mean a simplicial group G
together with a contractible simplicial set E on which G acts freely with quotient X .
Namely, suppose that
X
u−−−−−!P
s−−−−−!−−−−−!
t
X
is an (algebraically) connected path groupoid for X in the sense that (s; t) : P −! XX
is surjective, and let x0 : 1 −! X be a given basepoint. Notice that we are using the
categorical notation 1 for the terminal object of S. Other standard notations for the
same object are [0], or . Then we can take the pullback
E −−−−−! P???y
???y(s; t)
1 X −−−−−!
x0id
X  X
E is then the simplicial set of paths in P beginning at the basepoint x0, and the
map E −! X is the endpoint projection. Letting G be the simplicial group of paths
beginning and ending at x0, it is clear that G acts freely on the right of E with quotient
X: Moreover,
E −−−−−! P???y
???ys
1 −−−−−!
x0
X
is a pullback. The mapping s is a bundle, as we will prove later in Proposition 12,
and a weak equivalence by Q1. Thus, since bundle weak equivalences are stable under
pullback, E is contractible, and G, together with E, is a loop group for X . In fact,
there is an inverse to this construction which we will examine in detail after proving
Theorem 7.
2. Local transitivity and the construction of path groupoids
A functor f : G −! H between simplicial groupoids G and H is said to be
a categorical equivalence if it is full and faithful and representative, meaning each
object of H is isomorphic to the image under f0 of an object of G. This can be taken
dimension by dimension, or again, more intrinsically, full and faithful can be expressed
by saying the diagram
G1
f1−−−−−! H1
(s; t)
???y
???y(s; t)
G0  G0 −−−−−!
f0f0
H0  H0
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is a pullback in S, and representative means that in the diagram
K −−−−−! H1???y pb
???y(s;t)
G0  H0 −−−−−!
f0id
H0  H0
2
???y
H0
the mapping K −! H0 is surjective.
A free groupoid is a groupoid free on a graph with units. More precisely, let U :
Gpd(S) −! Grph(S) denote the functor which associates to a groupoid G its underly-
ing graph with units. Then a free groupoid is one of the form F(R), where
X
u−−−−−!R
s−−−−−!−−−−−!
t
X
is a graph with units, and F : Grph(S) −! Gpd(S) is the left adjoint to U:
For example, let A be a simplicial set with basepoint a : 1 −! A. Then the free
groupoid F(A) on the graph
1
a−−−−−!A −−−−−!−−−−−! 1
is a free simplicial group with one relation:a  e (the identity). This is the construction
FK of Milnor [13]. As a groupoid it is free on a graph with units, but it is not a free
simplicial group.
If X is a simplicial set, the set of path components of X is the coequalizer (in Sets)
X1
d0−−−−−!−−−−−!
d1
X0−−−−−!0(X )
As a functor from S to Sets, 0 is the left adjoint of the constant functor sk0 : Sets−! S,
which is the left adjoint to truncation at 0. When T is a set, we will generally write
simply T for sk0T , since sk0 is a full and faithful embedding. The composite of
truncation at 0 with sk0 is written Sk0. A simplicial set X such that the canonical
map Sk0X −! X is an isomorphism, i.e. a constant simplicial set, is said to be
simplicially discrete. Note that any subobject or quotient of a discrete simplicial set is
discrete.
Denition 3. A graph with units
X
u−−−−−!R
s−−−−−!−−−−−!
t
X
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is called thin if u is a weak equivalence, and wide if the coequalizer Q of s and
t is simplicially discrete. The graph is said to be adequate if it is both thin and
wide.
With this denition we can state the main theorem of this section.
Theorem 4. If
X
u−−−−−!R
s−−−−−!−−−−−!
t
X
is an adequate graph, then F(R) is a path groupoid for X.
The proof of Theorem 4 will follow a number of preliminary results. We rst inves-
tigate one of the properties of a path groupoid, which is of great importance in its own
right, since it singles out exactly those groupoids having good homotopy thoeretical
properties { the existence of classifying spaces for example (see [8]).
Denition 5. A simplicial groupoid G is said to be locally transitive if (s; t) : G1 −!
G0  G0 is a bration.
For example, any simplicial group is locally transitive.
There are many conditions equivalent to that of Denition 5, which we will collect
in a theorem shortly. Before doing that, however, we need some introductory concepts.
Let G be a groupoid in S. The simplicial set of (algebraic) components of G is the
coequalizer
G1
s−−−−−!−−−−−!
t
G0−−−−−!c(G)
Let A ,! G0 be a subobject of G0. G restricted to A, written GjA, is the groupoid in
S with objects A, whose morphisms are given by the pullback
(GjA)1 −−−−−! G1
(s; t)
???y pb
???y(s; t)
A A −−−−−! G0  G0
GjA is said to be transitive if (s; t) : (GjA)1 −! A  A is surjective, i.e. GjA is
(algebraically) connected.
An internal (contravariant) S-valued functor on G is an object E −! G0 over G0
provided with a (right) action a : E G0 G1 −! E, which is unitary and associative in
the usual sense. A natural transformation, or G-equivariant mapping, E −! E0 is a
mapping over G0 which is compatible with the actions.
In the proof of the theorem that follows we need a lemma.
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Lemma 6. Let G and H be simplicial groupoids and f : G −! H a representative
functor. If H acts on the right (or left) of p : X −! H0; then in the pullback
f0X −−−−−! X
f0 p
???y
???yp
G0 −−−−−!
f0
H0
p is a bration (or bundle) i f0 p is.
Proof. Fibrations and bundles are stable under pullback, so suppose f0p is a bration
and we are given a diagram
Since f is representative, there is x : [n] −! G0 and h : [n] −! H1 such that
sh = f0x and th = y. Using the right H action we have p(z  h) = f0 x so we obtain
a diagram
which has a dotted ller w since f0p is a bration. The mapping (ew)  h−1 lls the
original diagram.
Now suppose f0p is a bundle, i.e. locally trivial. Let y : [n] −! H0 be arbitrary,
and x : [n] −! G0 and h : [n] −! H1 as above. The pullback of p over f0 x is
trivial since f0p is a bundle. But h provides an isomorphism of the pullback of p
over f0 x and over y, so the pullback of p over y is trivial, and p is bundle.
Theorem 7. The following conditions on a simplicial groupoid G are equivalent:
(i) G is locally transitive.
(ii) c(G) is simplicially discrete.
(iii) The inclusion GjSk0G0 −! G is a categorical equivalence.
(iv) G is categorically equivalent to a groupoid with discrete objects.
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(v) For each path component C of G;GjC is transitive.
(vi) (s; t) : G1 −! G0  G0 is a bundle.
Proof. G0 −! GI0, the adjoint transpose of the projection, is a cobration weak equiv-
alence, so if (s; t) : G1 −! G0  G0 is a bration, there is a dotted ller in the
diagram
Since coeq(p0; p1) = 0(G0) it follows that there is a map  : 0(G0) −! c(G)
making
commute. Since  is necessarily surjective, c(G) is discrete and (i) ) (ii).
The diagram
Sk0G1 −−−−−!−−−−−! Sk0G0−−−−−!Sk0c(G)
is a coequalizer, so if Sk0c(G) −! c(G) is an isomorphism there is a surjection
Sk0 (G) −! c(G). But then in the diagram
G −−−−−! G1???y pb
???y(s;t)
SK0G0  G0 −−−−−! G0  G0
2
???y
G0
the mapping G −! G0 is surjective, so (ii) ) (iii).
Clearly, (iii) ) (iv), and (iv) ) (ii) since categorical components are invariant
under categorical equivalence.
Condition (v) means the following: if two simplices of G0 are identied by the
canonical surjection G0 −! 0(G0) then there is a simplex of arrows between them,
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i.e. they are identied by the canonical mapping G0 −! c(G). Thus, (v) is equivalent
to saying there is a mapping  : 0(G0) −! cG such that
commutes. Since  is then necessarily surjective, (v) ) (ii). On the other hand,
(ii) ) (v) since 0 is left adjoint to the constant functor sk0.
If f : G −! H is a categorical equivalence, so is fopf : GopG −! HopH and
there is a canonical Hop H action on (s; t) : H1 −! H0  H0, whose pullback along
f0  f0 is (s; t) : G1 −! G0  G0. Hence, from Lemma 6 we see that conditions (i)
and (vi) are invariant under categorical equivalence. A groupoid with discrete objects
satises (vi), so (iii) ) (vi). On the other hand, if G satises (vi) then the bres of
(s; t) : G1 −! G0G0 are Kan complexes by Moore’s theorem, so (vi) ) (i) and the
theorem is proved.
When X is connected with a given basepoint x0 : 1 −! X , we have a correspondence
between locally transitive groupoids with objects X and principal bundles over X , and
hence many examples of locally transitive groupoids.
In fact, as in Section 1, let
H = X
u−−−−−!H
s−−−−−!−−−−−!
t
X
be a locally transitive groupoid with objects X . (Note that the assumption there of al-
gebraic connectivity, i.e. (s; t) : H −! XX surjective, follows now from Theorem 7.)
Taking the pullback
E −−−−−! H
p
???y
???y(s;t)
1 X −−−−−!
x0id
X  X
yields the simplicial set E of paths in H beginning at the basepoint x0, and the map
p : E −! X is the endpoint projection. Letting G be the simplicial group of paths
beginning and ending at x0, i.e. the pullback of (s; t) by (x0; x0) : 1 −! X  X , it is
clear that G acts freely on the right of E with quotient X , so E −! X is a principal
G-bundle. We have seen that when H is a path groupoid, i.e. u is a weak equivalence,
then E is contractible, so that G is a loop group for X .
In the other direction, let G be a simplicial group and p : E −! X a principal
G-bundle. The diagonal action of G on the right of E  E is also free, so dividing by
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the action of G we obtain a diagram
E
d−−−−−! E  E
p
???y
???yq
X −−−−−!
u
H
The mapping p p : E  E −! X  X induces a map (s; t) : H −! X  X such that
commutes. Since p  p and q are brations, and q is surjective, (s; t) is a bration.
Moreover,
X
u−−−−−!H
s−−−−−!−−−−−!
t
X
is a groupoid. We sketch the proof of this in set theoretical terms, hoping this will
be more helpful to the reader than large commutative diagrams. Thus, if x; y 2 X a
path  : x ! y in H is an equivalence class  = [e; e0] with x = pe; y = pe0; and
[e; e0] = [eg; e0g] for g 2 G. If  = [e1; e01] : y ! z; then pe0 = pe1 so there is a
unique g 2 G with e1g = e0, and we put    = [e; e01g]. It is easy to see that this
composition is well-dened, and makes
X
u−−−−−!H
s−−−−−!−−−−−!
t
X
a simplicial groupoid with units u. In fact, this is the groupoid IsoG(E; E) −! X  X
of G-isomorphisms of the bres of E −! X . In this construction, if E is contractible,
i.e. G is a loop group for X , then the diagonal d : E −! EE is a weak equivalence.
Since p and q are principal G-bundles, the commutative diagram above is a pullback,
making u : X −! H a weak equivalence, and
X
u−−−−−!H
s−−−−−!−−−−−!
t
X
a path groupoid for X .
To see that these constructions are (quasi) inverse, we assume that E is provided with
a basepoint e0 : 1 −! E such that pe0 = x0. The basepoint e0 yields an isomorphism
of the bre of p : E −! X over x0 with G. Such an isomorphism always exists
for simplicial sets, of course, but must be specied in the more general context of
simplicial sheaves. Then, pulling back p  p :E  E −!X  X along x0id yields
GE −! 1X, so pulling back (s, t) :H−!XX yields the quotient of GE by the
action of G, i.e. p :E−!X . On the other hand, if we start with a locally transitive
groupoid (s, t) :H−!XX, we can form p :E−!X and then (s, t) :H 0 −!XX as
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above. In this case there is a mapping f:H 0−!H given by f[e; e0] = e0  e−1, and
it is easy to see that f is well-dened and a functor, which is the identity on objects.
Moreover, it is injective, and surjective since X is connected. Thus, the category of
locally transitive groupoids with objects X and the category of principal bundles over
X are equivalent.
Further examples of locally transitive groupoids are obtained by taking free groupoids
on wide graphs
X
u−−−−−!R
s−−−−−!−−−−−!
t
X
This is so because there is an adjunction mapping of graphs { inclusion of the gener-
ators { of the form
As a result, Q = coeq(s, t) maps surjectively onto c(F(R)), and F(R) is locally
transitive by condition (ii) of Theorem 7. Note that this proves the easy part of
Theorem 4.
Another interesting example is the following. Let p : E−!X be a mapping of sim-
plicial sets, and Iso(E, E)−!XX the groupoid of isomorphisms of the bres of
p. Its objects in dimension n are the n-simplices of X, and a morphism x−!y of
Iso(E, E)n is an isomorphism of simplicial sets x*(E)−!y*(E) over [n].
Proposition 8. Iso(E, E)−!XX is locally transitive i p : E−!X is a bundle.
Proof. We use condition (iii) of Theorem 7. That is, Iso(E, E)−!XX is locally
transitive i in the diagram
Iso(E; E) −−−−−! Iso(E; E)???y pb
???y(s;t)
SK0X  X −−−−−! X  X
2
???y
X
the mapping Iso(E, E)*−!X is surjective, which is the case i for each n-simplex
x :[n]−!X of X there is a vertex y :[0]−!X and an isomorphism over [n] be-
tween the pullbacks of E by x :[n]−!X and by [n]−! [0] −!X.
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On the way to the proof of Theorem 4, we discuss the notion of adequate graph.
Thus, let
X
u−−−−−!R
s−−−−−!−−−−−!
t
X
be an adequate graph on X, i.e. u is a weak equivalence, and Q = coeq(s, t) is discrete.
If
X
v−−−−−!T
−−−−−!−−−−−!

X
is another graph on X with (, ) :T−!XX a bration, then there is a dotted ller
in the diagram
so Q maps surjectively onto coeq(, ), which is thus discrete. It follows that any
path space is an adequate graph. The converse, though true for groupoids by Theo-
rem 7, is false for graphs. The fact that Q = coeq(s, t) is discrete can be expressed
by saying that Q−!1 as well as the diagonal d:Q −!QQ are brations, i.e.Q−!1
has the unique lifting property with respect to the cobration weak equivalences. Let
E −! X  X denote the equivalence relation on X determined by X−!Q. Then
E −−−−−! X  X???y
???y
Q −−−−−!
d
Q  Q
is a pullback, so E−!XX is a bration, and
E −−−−−!−−−−−! X−−−−−!Q
is a coequalizer. Thus, if v :X−!T is a weak equivalence there is a dotted ller in
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so that coeq(, ) maps surjectively onto Q. Hence, when
X
v−−−−−!T
−−−−−!−−−−−!

X
is a path space, coeq(, ) is isomorphic to Q. Since
X
i−−−−−!X I
P0−−−−−!−−−−−!
P1
X
is an adequate graph with coeq(p0, p1) = 0(X), it follows that coeq(, ) ’ 0(X),
for any path space or adequate graph.
Now, let
X
u−−−−−!R
s−−−−−!−−−−−!
t
X
be an adequate graph on X as above, and denote the free groupoid F(R) by
P = X
e−−−−−!P
−−−−−!−−−−−!

X
Proposition 9. Let G be a simplicial groupoid with objects X. Then G is locally
transitive i there is a functor P −! G which is the identity on objects.
Proof. If there is a functor P −! G which is the identity on X , then coeq(,) maps
surjectively onto c(G) as above, so c(G) is discrete. On the other hand, if G is locally
transitive G −! X  X is a bration, so there is a dotted ller in the diagram
giving a functor P −! G.
Proposition 10. A mapping E−!X is a bundle i it has a P action.
Proof. By Proposition 8, E−!X is a bundle i Iso(E, E)−!XX is locally transitive,
i, by Proposition 9, there is a functor P −!Iso(E, E) i E has (in this case) a left
P action.
Proposition 11. A simplicial groupoid G with objects X is locally transitive i each
E−!X acted on by G is a bundle.
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Proof. By Proposition 9, if G is locally transitive there is a functor P −! G, so that
if G acts on E−!X so does P, making E−!X a bundle by Proposition 10. On the
other hand, in the diagram
G −−−−−! G???y pb
???y
SK0X  X −−−−−! X  X
2
???y
X
G*−!X has a left G action, and if it is a bundle it is surjective (since the bres over
vertices are never empty), making G locally transitive by Theorem 7 (iii).
Let G be a simplicial groupoid. A G torsor (over Y) is an object E−!G0 over G0
provided with a free (right) G action a :EG0G1 −! E whose quotient is Y. That is,
(a, 1) :EG0G1 −! EE is injective, and the quotient of this equivalence relation
on E is Y. Y is called the base of the torsor. When G is a simplicial group G, a
G-torsor over Y is simply a principal G-bundle over Y.
Proposition 12. Let G be a simplicial groupoid with objects X. If G is locally
transitive; then any G-torsor (over any base) is a bundle.
Proof. The right G-torsor t :G−!X has a left G action, so if G is locally transitive,
it is a bundle, making any G-torsor a bundle. A similar remark applies on the left with
s :G−!X replacing t.
Note that the converse of Proposition 12 is false. In fact, if X is a simplicial set,
a torsor for the (algebraically) discrete groupoid disX is just a bijection, which is a
bundle, but disX is only locally transitive for X simplicially discrete.
The nerve of a groupoid G in Sets is a simplicial set NG described as follows.
(NG)n is the set Gn of composable strings of length n,  = xn ! xn−1 !    x1 ! x0,
of arrows of G. Faces and degeneracies are given by d0 = xn ! xn−1 !    ! x1;
dn = xn−1 !    ! x0, and di = xn !    xi+1 ! xi−1    ! x0 for 0 < i < n,
where xi+1 ! xi−1 is the composite of the pair xi+1 ! xi ! xi−1:si = xn !    !
xi ! xi !    ! x0, where xi ! xi is the identity on xi. In particular, (NG)0 = G0,
the objects of G, (NG)1 = G1, the morphisms of G, and d0( : x1 ! x0) = x1 = s;
d1( : x1 ! x0) = x0 = t, and s0 x = id : x ! x = ux.
When G is a groupoid in S, NG is a double simplicial set, whose nth column
is the simplicial set Gn. Letting d :S2−!S denote the diagonal complex dened by
d(X)n = Xnn, we write BG for d(NG). In arguments involving BG, we often use the
following, fundamental property of the diagonal complex. Namely, let f : X −! Y be
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a mapping in S2. We call f a vertical weak equivalence if fn : Xn −! Ynis a weak
equivalence for each n  0, and a horizontal weak equivalence if fm : Xm −! Ym
is a weak equivalence for each m  0. Then if f : X −! Y is either a vertical or
horizontal weak equivalence, df : dX −! dY is a weak equivalence.
The following construction will also be needed. Let G be a groupoid in S, and
denote by G0 the groupoid of arrows of G. If the domain and codomain of G
are (s; t) : G1 −! G0  G0, then the domain and codomain of G are (1; c) :
G1 G0 G1 −! G1  G1, where 1 is the rst projection, and c is the composition
of G. That is, a morphism f −! g in G0 is an arrow h such that hf = g. The
codomain t denes a functor G0 −! G inducing a morphism NG0 −! NG. The
domain s denes a mapping NG0 −! G0, where G0 is the object G0 considered
as a (horizontally) discrete double simplicial set. NG0 −! G0is a horizontal weak
equivalence. The groupoid G acts freely on the right of NG0 −! G0, with quotient
NG. Thus, if we write EG for BG0, applying d to the above yields a (right) G-torsor
EG over BG such that EG −! G0 is a weak equivalence.
Proof of Theorem 4. As above let
P = X
e−−−−−!P
−−−−−!−−−−−!

X
be the free groupoid on the adequate graph
X
u−−−−−!R
s−−−−−!−−−−−!
t
X
Since P is, in particular, free on a wide graph, it is locally transitive. Hence,
(, ) :P!XX is a bration, and we are left with showing that e :X!P is a weak
equivalence.
For any simplicial graph A with units, denote by sk1A the value of the left ad-
joint to truncating a double simplicial set (vertically) at 1 applied to A. (The nth
column of sk1A is the nfold pushout of the units u :A0−!A1 with itself, since the
double simplicial set so dened has the universal property of sk1A.) There is a natu-
ral transformation sk1A−!NF(A), which is the adjoint transpose of the isomorphism
sk1A−!F(A), where  is the fundamental simplicial groupoid of a double simpli-
cial set. It is a horizontal weak equivalence, since, for simplicial sets, it induces an
isomorphism on fundamental groupoids and the homotopy of both sk1A and NF(A)
vanishes in dimensions greater than one.
The inclusion of the units u :X−!R induces a morphism of graphs disX−! R and
a functor disX−! P. (Notice that we are writing disX for both the discrete graph and
the discrete groupoid on X, and that as a groupoid disX is free on the graph disX!)
From the description of sk1A given above, we see that sk1(disX)−!sk1R is a vertical
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weak equivalence, and the diagram
sk1(disX ) = sk0X = NdisX???y
???y
sk1R −−−−−! NP
commutes. It follows that the diagonal complex of the right vertical arrow is a weak
equivalence. That is, the canonical map X−! BP is a weak equivalence. The same
mapping disP−! P0 for P0 yields a pullback
P −−−−−! EP

???y pb
???y
X −−−−−! BP
EP −! BP is a P-torsor, so it is a bundle by Proposition 12. Thus, P−! EP is a weak
equivalence. However, the mapping EP −!X, as above, is always a weak equivalence
and the composite P−!EP −!X is the source mapping  for P. It follows that 
and hence e :X−!P is a weak equivalence.
Remark. The local transitivity of P (coming from the wideness of the graph on which
it is free) is used in the proof of Theorem 4 (via the hypothesis of Proposition 12)
and it is essential. In fact, the free groupoid on a graph which is thin but not wide
need not have a unit mapping which is a weak equivalence. An example of this will
be given in the next section.
3. Covers, graphs and functorial path groupoids
In this section, we rst indicate how to construct a path groupoid on a simplicial
set X from a cover of X which is a disjoint union of contractible pieces. Next, in
order to fully understand this construction, as well as to calculate the resulting path
groupoids, we develop a general caculus of extension and restriction for graphs and
groupoids. This calculus is then applied, together with a powerful weak equivalence
extension theorem, to construct various functorial, colimit preserving, groupoids on X .
These are important, for they have right adjoints which lead to functorial classifying
spaces.
To begin, let q :CX be a cover of X such that p :C−! 0C is a weak equivalence.
Let s : 0C−!C be a section of p, i.e. ps = id, and consider the graph with partial
units
0C
s−−−−−!C
id−−−−−!−−−−−!
sp
C
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Extend this to a graph with full units as in the pushout below.
Since s is a weak equivalence, so is . Furthermore, 0C = coeq( 1, sp)= coeq (, ),
so this graph is an adequate graph on C. Pushing out further along q :CX as in
C
q−−−−−! X

???y po
???yu
Q −−−−−! R

???y
???y 
???y
???y
C −−−−−!
q
X
we obtain an adequate graph on X as is easily veried. Taking the free groupoid on
this yields a path groupoid on X as in Theorem 4.
This construction is part of a general calculus of extension and restriction for graphs
and groupoids, which we now develop.
Thus, let f :X−!Y be a mapping of simplicial sets, and let Grph(X) and Grph(Y)
denote the categories of graphs with vertices X or Y and mappings which are the
identity on vertices. If
Y −−−−−!R−−−−−!−−−−−! Y
is a graph on Y then pulling back the edges R to X as in
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yields a graph on X which we will denote by f*R. We can construct a left adjoint
f ! :Grph(X)−!Grph(Y) to the functor f* :Grph(Y)−!Grph(X) as follows. Let
X −−−−−!T −−−−−!−−−−−! X
be a graph on X. Then f determines a mapping disf : disX−!disY of discrete graphs,
and there is a canonical, unique mapping disX−!T in Grph(X). In the pushout of
graphs
disX
disf−−−−−! disY???y po
???y
T −−−−−! T 0
T 0 is f !T. Explicitly, we can construct f !T by taking the pushout of simplicial sets
X
f−−−−−! Y???y po
???y
T −−−−−! T 0
Then the two mappings
T −−−−−!−−−−−! X
f−−−−−!Y
extend uniquely to T 0 giving a mapping of graphs which is f on vertices.
Instead of graphs, we can consider the categories Gpd(X) and Gpd(Y) of groupoids
with objects X or Y and functors which are the identity on objects. The same con-
struction, pulling back the arrows of a groupoid with objects Y to X yields a functor
f* :Gpd(Y)−!Gpd(X), whose left adjoint f ! :Gpd(X)−!Gpd(Y) can be calculated
(for groupoids) as before: let
G = X −−−−−!G −−−−−!−−−−−! X
be a groupoid with objects X. Then f determines a functor disf : disX−!disY of discrete
groupoids, and there is a canonical, unique functor disX−!G in Gpd(X). In the
pushout of groupoids
disX
disf−−−−−! disY???y po
???y
G −−−−−! G0
G0 is f !G. Notice, however, that since pushouts of simplicial groupoids are not easily
reduced to simplicial sets, it is harder to give an explicit description of G0.
The relationship between f ! for graphs and f ! for groupoids is summarized by the
following proposition.
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Proposition 13. In the diagram
Gpd(X )
f!−−−−−! −−−−−
f
Gpd(Y )
F
x???
???yU F
x???
???yU
Grph(X )
f!−−−−−! −−−−−
f
Grph(Y )
there is a canonical natural equivalence f !F =Ff !:
Proof. The result is immediate, since Uf* = f*U.
A special case arises from a surjection, say p :CB, of simplicial sets. Namely,
let Ep denote the equivalence relation CBC,!CC determined by p considered as a
simplicial groupoid. Since
CB  C −−−−−! B???y
???yd
C  C −−−−−!
pp
B B
is a pullback, Ep is p*(disB) and is categorically equivalent to disB. The functor disp:
disC −!disB factors through the equivalence Ep −!disB, so if G is in Gpd(C), p!G
can be calculated in two steps as in
disC −−−−−! Ep −−−−−! disB???y po
???y po
???y
G −−−−−! G  Ep −−−−−! p!G
The rst pushout is coproduct, or amalgamation, with Ep since disC is the initial object
of Gpd(C). The functor GEp−!p!G is a categorical equivalence, since these are stable
under pushout along functors injective on objects.
Proposition 14. If p has a section s :B−!C; then pushing down along Ep −!disB,
is equivalent to pulling back along s.
Proof. Let H be a groupoid in Gpd(c) provided with a functor Ep −! H which is
the identity on objects, and consider the pushout of groupoids
Ep −−−−−! disB???y po
???y
H −−−−−! H0
90 A. Joyal, M. Tierney / Journal of Pure and Applied Algebra 149 (2000) 69{100
Since H −! H0 is a categorical equivalence, pulling back H0 along p yields H, which
when pulled back along s yields the pullback of H0 along ps = idB, i.e. H0.
We remark that, as is clear from the proof of Proposition 14, if there is a functor
Ep −! H which is the identity on objects, then H is of the form p*H0 for some H0
in Gpd(B). On the other hand, pulling back the functor disB−! H0 yields a functor
Ep −!p*H0 which is the identity on objects. Thus, this is a necessary and sucient
condition for a groupoid H in Gpd(C) to be of the form p*H0.
It is important to realize that in the situation of Proposition 14, when p has a section
s :B−!C, then Ep is free on the graph obtained by extending the graph with partial
units
B
s−−−−−!C
id−−−−−!−−−−−!
sp
C
to a graph with full units as in the pushout below.
The source and target,  and , are induced by id and sp in the obvious way. (In
fact, any arrow (c; c0) with pc = pc0 is a composite of (c, spc) and (spc0, c0).) We
consider a concrete example, which should aid the reader’s understanding, and will
also be useful for another purpose. Namely, let p :C B be the following surjection,
with the obvious section s :B−!C.
The arrows in C and B denote 1-simplices oriented by 0 at the tail and 1 at the head.
The graph
C −−−−−!CB + C
−−−−−!−−−−−!

C
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looks like
where the horizontal arrows associated to the new 1-simplices indicate the action of
 and . Finally, CBC is obtained by adding inverses for these 1-simplices and
composites for the two possible composites of 0-simplices.
Notice that the unit mapping C−!C+BC of the graph is a weak equivalence, but the
unit mapping C−!CBC of the free groupoid is not, due to the two new 0-simplices.
Here, of course, coeq(,) = B, which is not discrete. This is the example alluded to
at the end of Section 2, showing that the wideness part of the assumption on the graph
in Theorem 4 is essential.
We now consider the full situation given by a cover
C
q−−−−−! X
s
x???
???yp
B
with q a surjection and p split: ps = idB. Pushing down EpEq along Eq−!disX yields
a groupoid P with objects X, which by Proposition 13 is free on the graph q!(C+BC).
Pushing down EpEq along Ep−!disB yields a groupoid G which we can also obtain
by pulling back P along qs.
Proposition 15. If B is discrete and p is a weak equivalence, then P is a path groupoid
on X.
Proof. P is categorically equivalent to G, so it is locally transitive if B is discrete. If
p is a weak equivalence so is s, as are the units of q!(C+BC). The result now follows
from Theorem 4.
92 A. Joyal, M. Tierney / Journal of Pure and Applied Algebra 149 (2000) 69{100
As an example of the use of Proposition 15, let A be a simplicial set provided with
an embedding A,!C with C contractible. C/A is given by the pushout
C −−−−−! C=Ax???
x???
A −−−−−! 1
Choose a basepoint s : 1−!C lying in A. Then we obtain a diagram
C
q−−−−−! C=A
s
x???
???yp
1
as in Proposition 15. Using the notation above, pulling back P over the basepoint qs :
1−!C/A is the same as pushing down EpEq to 1, which is p!Eq. But now Eq is also
free on the graph T given by the pushout
1
s−−−−−! C???y po
???y
A −−−−−! T???y
???yp
???y
???y
1 −−−−−! C
so p!Eq is free on p!T, which is just
1−−−−−!A−−−−−!−−−−−! 1
That is, the group of P at the basepoint is free on A with one relation: basepoint 
identity. Thus, when C is, say, the reduced cone on A, we obtain the Theorem of
Milnor [13], which asserts that the free group on A with this one relation is a loop
group of the suspension
P
A.
We now apply these techniques to the construction of various functorial, colimit
preserving groupoids on a simplicial set X. As remarked above, we will see that their
right adjoints lead to functorial classifying spaces. Moreover, in [10] we showed that
there is a Quillen homotopy structure on Gpd(S) in which the weak equivalences
are functors f :G −! H such that Bf is a weak equivalence in S. In addition, we
showed that taking the discrete groupoid disX on a simplicial set X yields a functor
dis :S −! Gpd(S) which preserves and reects weak equivalences, and passes to an
equivalence of homotopy categories. If P(X) is any functorial path groupoid on X,
free on an adequate graph, there is an obvious functor disX−! P(X) which is a B-
weak equivalence as in the proof of Theorem 4. It follows that P(X) also preserves
and reects weak equivalences, and passes to an equivalence of homotopy categories.
Thus, any functorial path groupoid yields an equivalence of homotopy theories.
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Our principal tool in this construction will be the weak equivalence extension theo-
rem below involving the left Kan-extension F+of a functor F : −! C where C is a
cocomplete category. Recall that F+ is dened by
F+(X ) = lim−!
[n]!X
F[n]
for a simplicial set X. If F :S−! C we use the same notation F+(X) for the Kan-
extension of the restriction of F to . In that case there is a canonical comparison
F+(X)−!F(X), which is an isomorphism i F is colimit preserving.
Let us suppose that C is provided with a Quillen homotopy structure in which the
weak equivalences are stable under coproducts, directed colimits and pushout along a
cobration. Consider the following condition on F : −! C:
(a) F+([n])−!F[n] is a cobration for n  1, where [n] is the union of all
the (n− 1)-faces of [n].
Proposition 16. Let F,G : −! C and let  : F −!G be a natural transformation.
Suppose both F and G satisfy (a) above. Then if [n] :F [n]−!G[n] is a weak equi-
valence for n  0 it follows that + :F+X−!G+X is a weak equivalence for each X
in S.
The proof of Proposition 16 will be found in the Appendix.
The examples of C that we use in this paper are C = S, or C = Gpd(S) with the
algebraic Quillen structure of [9], in which the cobrations are functors injective on
objects, the weak equivalences are the categorical equivalences, and the brations have
the RLP with respect to the cobration weak equivalences. In either of these cases we
can do much better than Proposition 16, since condition (a) on F and G for n  2 as
well as condition (a) on F for n = 1 become automatic. Namely, let 0, 1: [0]−![1]
be the maps 0(0) = 1, 1(0) = 0. Then we have:
Theorem 17. Let F;G : −! C and let  :F−!G be a natural transformation;
where C = S or Gpd(S). Suppose G0 \ G1 = 0. Then if [n] :F [n]−!G[n] is a
weak equivalence for n  0 it follows that  + :F+X−!G+X is a weak equivalence
for each X in S.
Again, the proof of Theorem 17 will be found in the Appendix.
There are basically two situations in which we apply Theorem 17. One is when we
are given a functorial adequate graph on [n], and the other is when we are given a
functorial cover of [n] as above.
Let us begin with a functorial adequate graph
[n]
u−−−−−! [n]
s−−−−−!−−−−−!
t
[n]
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on [n]. This can be extended to a functorial adequate graph
X
u−−−−−! +X
s−−−−−!−−−−−!
t
X
(The identity satises condition (a), hence so does , so u remains a weak equiva-
lence upon extension.) Then taking the free groupoid yields a colimit preserving path
groupoid P(X). Note that these constructions commute: we could rst form P[n] and
then extend. This is so since both constructions are colimit preserving and agree on
[n].
Now let G(X) = P(X)jSk0X. Since P(X) is locally transitive, G(X)−! P(X) is a
categorical equivalence. Consider the categorical equivalence G([n])−! P([n]) in
Gpd(S). P([n]) satises (a) (cobrations in Gpd(S) refer only to objects in S), so
by Theorem 17, when we extend we obtain a diagram
G+(X )
eq−−−−−! P+(X )???y
???yiso
G(X ) −−−−−!
eq
P(X )
in which the top horizontal mapping is a categorical equivalence. It follows that the
left vertical map is a categorical equivalence which is the identity on objects and hence
an isomorphism. As a result, G(X) is colimit preserving.
Here are some examples of adequate graphs on [n]:
[n]
−−−−−![n] [n]
1−−−−−!−−−−−!
2
[n]
[n]
−−−−−!O[n]
1−−−−−!−−−−−!
2
[n]
where O[n] is the order relation on [n], or
[n]−−−−−![n]I
P1−−−−−!−−−−−!
P2
[n]
We examine now the case of a functorial cover
C[n]
q−−−−−! [n]
p
???y
0C[n]
with q a surjection, p a weak equivalence, and 0C[n] satisfying condition (a). Kan-
extending yields a cover
C+(X )
q−−−−−! X
p
???y
0C+(X )
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in which p is a weak equivalence by Theorem 17. Consider the groupoid Eq(X) =
C+(X)XC+(X),!XX as above. Eq[n]−!dis[n] is a categorical equivalence, and
dis[n] satises (a), so by Kan-extending we obtain a diagram
with categorical equivalences as indicated. It follows that the vertical comparison is a
categorical equivalence which is the identity on objects, hence an isomorphism. Thus,
Eq(X) is colimit preserving.
Going back to our extended cover, we can form P(X) = q!Ep(X), which is a path
groupoid on X by Proposition 15. Or, we can extend P[n], giving P+(X)−! P(X).
Now, as above, since 0C[n] satises condition (a), Ep(X) is colimit preserving, hence
so is P(X) and P+(X)−! P(X) is an isomorphism. Letting G(X) = P(X)jSk0X, we
nd that G(X) is colimit preserving as before.
One way to obtain such functorial covers is as follows. Let be a small category
and u : −! a functor. If u is surjective on objects, Kan-extension along u yields
an adjoint pair
Sets
op
u! −−−−−−−−−−!
u
Sets
op
with u!a u* and u* faithful. Thus, the adjunction X : u!u*X−!X is surjective, giving
a functorial cover of X. For n  0, let u/[n] denote the comma category with objects
(i, ) where i 2 and  : u(i)−![n]. The reader will easily verify that if for each
x 2 0 (u/[n]) the component Cx of u/[n] corresponding to x has a terminal object tx,
then
u!u[n] =
X
x20(u=[n])
(; u(tx))
is a sum of simplices, so that 0u!u*[n]= 0(u/[n]) and u!u*[n]−! 0u!u*[n] is a
weak equivalence. In order to Kan-extend this weak equivalence, we require also that
0(u/0)\0(u/1) = 0. In this case the above theory applies, and we obtain colimit
preserving P(X), G(X), and E(X). Some examples follow.
(i) Let = 0, which has the objects [n] of with 0 designated as basepoint,
and basepoint-preserving maps, where u : 0 −! forgets the basepoint. The ob-
jects of u/[n] are pairs ([m], ) where [m] is in and  : [m]−! [n]. A mapping
([m],) −!([m’],’) is a map  : [m] −! m0 of such that (0) = 0 and 0 = .
The components of u/[n] are indexed by vertices i : [0]−![n], and consist of all ([m],)
such that (0) = i. The terminal object is ([n − i],i) where i :[n − i]−![n]
is given by i( j) = j+i, for if ([m],) is such that (0) = i, then dening
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 : [m] −! [n− i] by  ( j) =  ( j)−i , we have (0) = 0, i = , and  is unique.
It follows that
u!u[n] =
X
i:[0]![n]
[n− i]
and 0u!u*[n] = 0 (u/[n]) = [n]0. Clearly, the intersection of 0, 1 :[0]0−![1]0
is 0. We remark that, as is also true in the examples below, the components of u/[n]
also have initial objects, namely ([0], i), where i : [0]−![n] is the obvious map. These
are not used here, however.
The cotriple u!u*X is Dec1(X) of Illusie [5]. G(X) is the groupoid of Dwyer and
Kan [2] generalizing Kan’s loop group G(X), and its right adjoint is their classifying
complex W .
(ii) Let = [0]/ , which has objects [n] provided with a basepoint, and basepoint-
preserving maps, where u : [0]/ −! forgets the basepoint. E(X) here is the functor
X# of [10] whose right adjoint is the classifying complex B.
(iii) More generally, we could take = [n0]/ , for any n0  0, where u : [n0]/ −!
forgets the multiple pointing. This E(X) has not been studied as yet. Its right adjoint
is a new classifying complex for simplicial groupoids.
(iv) Let = j j : the discrete category with the objects of , where u : j j −!
is the obvious inclusion. The same remarks as (iii) apply to this E(X) and its right
adjoint.
Appendix
Here we prove Proposition 16 and Theorem 17, then give some indications on how
to extend the results of the paper to simplicial sheaves. For the convenience of the
reader, we recall condition (a) on a functor F : −! C.
(a) F+([n])−!F [n] is a cobration for n  1, where [n] is the union of all
the (n− 1)-faces of [n].
Proposition 17. Let F,G : −! C and let  :F−!G be a natural transformation.
Suppose both F and G satisfy (a) above. Then if  [n] :F [n]−!G[n] is a weak equiva-
lence for n  0 it follows that +:F+X−!G+X is a weak equivalence for each X in S.
Proof. We rst prove the proposition for nite dimensional X by induction on n =
dimX.
For n = 0, X =
P
[0] which gives the result. For n  1 we have a pushout
X
[n] −−−−−!
X
[n]???y
???y
Skn−1X −−−−−! X
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Applying + :F+−!G+ we obtain a diagram
[n] is a weak equivalence by assumption, and + [n] and  +Skn−1X are weak
equivalences by induction. Weak equivalences in C are stable under coproducts, so the
three indicated legs in the cube are weak equivalences. The front and back faces of
the cube are pushouts in which one leg is a cobration by assumption. Since weak
equivalences in C are stable under pushout along a cobration, the "Glueing Lemma"
holds, and we can conclude that +X is a weak equivalence.
For a general X, X = colimit SknX, and +X = colimit +SknX :F+X−!G+X.
Since each +SknX is a weak equivalence and weak equivalences in C are stable
under directed colimits,  +X is a weak equivalence.
Theorem 18. Let F,G : −! C and let  :F−!G be a natural transformation, where
C = S or Gpd(S). Suppose G0\G1 = 0. Then if [n] :F [n]−!G[n] is a weak
equivalence for n  0 it follows that + : F+X−!G+X is a weak equivalence for each
X in S.
Proof. In S cobration means injective, and in Gpd(S) it means injective on objects,
so by passing to objects if necessary, we may assume cobration means injective in S.
Consider condition (a) on F : −! C. For n  1, [n] = Sifi : [n−1] −![n]g
where i : [n−1] −![n], 0  i  n, is the injection that misses i. When n = 1, (0, 1) :
 [1] = [0] + [0]−![1]. 0and 1 have retractions 0 and 1 in , so F0,
F1 :F [0]−!F [1] are injective, and F [0]+F [0]−!F [1] is injective i F0 \ F1 = 0.
Since  :F−!G is natural, F0\F1−!G0\G1 hence G0\G1 = 0 implies F0\F1
= 0. It follows that condition (a) on F and G reduces to G0\G1 = 0 for n = 1.
For n  2 the union [n] is computed as the coequalizer of  and  in the diagram
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Here [n− 1]i is a copy of [n− 1] and [n− 2]ij is a copy of [n− 2]. Denoting
the injections of the coproducts by , the maps ,  and  are the unique mappings
determined by i=i , ij =ij−1 and  ij =ji . This is so because for i < j the
diagram
is an intersection in . In fact, using the appropriate surjections , and the simplicial
identities, it is not hard to verify that these are absolute (equational) intersections and
so preserved by any functor.
Thus, to check condition (a) on F : −! C for n  2, we apply F+ to the coequalizer
above, yielding a coequalizer
Now each i :[n− 1] −![n] has a retraction i in , so Fi :F [n− 1] −!F [n] is
injective. Moreover, for 0  i < j  n
is an intersection. It follows that F+[n]−!F [n] is Si fFi : F [n-1]−!F [n]g which
is injective, hence a cobration. Thus, when C = S or Gpd(S) condition (a) for n  2
is satised by any functor F : −! C; which; together with Proposition 16; proves the
theorem.
We turn now to simplicial sheaves. Thus, let E be an arbitrary Grothendieck topos
and denote the category of simplicial objects in E by S(E). Extending the results of the
present paper from S to S(E) mainly requires replacing \bration" by \local bration"
and \bundle" by \local bundle" in the appropriate places, where these terms are dened
below.
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Recall [7] that there is a Quillen homotopy structure on S(E) in which the weak
equivalences are maps f :X−!Y inducing isomorphisms on the sheaves of homotopy
groups [5], the cobrations are the monomorphisms, and the brations are maps having
the right lifting property with respect to the cobration weak equivalences. (See [6]
for a published proof of the result of [7].)
We use the principle of boolean localization to transfer results in homotopy theory
from S to S(E). Namely, for any Grothendieck topos E there exists a surjective geo-
metric morphism p :B −! E such that B is boolean and satises the axiom of choice
[1]. The inverse image functor p* provides a faithful embedding of E into B, whose
logic is classical (i.e. B is a boolean valued model of classical set theory). Not all
constructions are preserved by p*, but those using only colimits and nite limits are
(the so-called geometric constructions). For example, p* preserves the construction
of the homotopy groups of a simplicial sheaf. Thus, a mapping f :X−!Y of S(E)
is a weak equivalence i p*( f) is. As a result, geometric constructions yielding weak
equivalences in S, yield weak equivalences in S(E). For example, the Quillen structure
on S(E) is proper.
A local bration or local bundle, is a mapping f :X −!Y such that p*( f) is, respec-
tively, a bration or a bundle. By boolean localization, weak equivalences in S(E) are
stable under pullback along a local bration, since the Quillen structure on S is proper.
The same is true for a local bundle by boolean localization and the corresponding fact
for S.
Some examples of the necessary changes follow. The denition of \path space" and
Proposition 1 remain as they stand, though I becomes the constant simplicial sheaf
on the simplicial set [1]. In the denition of \path groupoid", \bration" should be
replaced by \local bration". The denition of \adequate graph" remains the same, for
discreteness is a local property, i.e. X is discrete i p*X is. Theorem 4 is valid as
stands. In the denition of \locally transitive", \bration" should be changed to \local
bration". Theorem 7 remains valid with \bundle" changed to \local bundle" in (vi).
After Theorem 7, \principal G-bundle" should be replaced by \G-torsor". Propositions
8{12 should be expressed locally, which reveals clearly the implications remaining
valid for S(E). Section 3 remains as is up to the extension theorem, as long as it is
understood that the various sections to surjections used there must be given in S(E). For
example, X0(X) no longer has an automatic section, due to the failure of the axiom
of choice in E. The extension theorem no longer applies, since the (constant) simplices
no longer generate S(E). However, we can still use the cotriple covers u!u*X−!X
of examples(i.){(iv.) by boolean localization, so we obtain colimit preserving P(X),
G(X) and E(X) as before.
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